
Econ 3070: Midterm Exam

There are two questions on the exam, each with four parts. Each part is worth 12

points, and you get 4 points just for writing your name down. You have 80 minutes

to complete the exam. Please show and hand in all your work. Good luck!

1 Tommy Malthus Does the Blues

Consider a Malthusian setting where the amount of landK is fixed and the production

function is given by

Y = zKαL1−α

The population size evolves endogenously. Each child requires a certain amount of

resources 1/b and there is a death rate d, so for a given level of per capita consumption

c, we have

L̇ = b(Y − cL)− dL

Overall utility is simply the discounted sum of individual utilities

U =

∫ ∞

0

u(c)L(t) exp(−ρt)dt

where per-period utility is given by u(c) = c1−θ

1−θ
.

(a) The typical Malthusian model is formulated like gL = θ(y− ȳ). Create a mapping

between the parameters here and θ and ȳ then interpret.

(b) Write down the Hamiltonian for the social planner’s problem in this setting,

where L is the state variable and c is the choice variable.

(c) Derive equations characterizing the evolution of the joint (c, L) system. Then

convert these into equations characterizing the joint (c, y) system.

(d) Find the steady state values of c and y. Use these to find the steady state value

for L. What parametric assumptions are required for these to be well defined?
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2 Something’s Up With The Machines

Consider a Ramsey-style model with the utility function

U =

∫ ∞

0

log(c(t))L(t) exp(−ρt)dt

where the population is growing at rate n. The production function is given by

Y =
[
mεK1−ε + L1−ε

] 1
1−ε

where m > 0 is a fixed parameter. Consumers earn a wage w and can invest in an

asset (B) that yields a rate of return r. These assets correspond to stakes in capital,

which depreciates at rate δ.

(a) Reformulate this model in normalized terms. That is, convert both the production

function and the budget constraint into per capita equations.

(b) Solve the optimization problem of the consumer and the firm to find the equations

describing the joint dynamics of c and k.

(c) Find the steady state values for c and k and give parametric conditions under

which these are well defined.

(d) Now suppose that we have continual growth in per capita variables and find these

growth rates (gc, gk, and gy). Under what parametric conditions is such an outcome

possible?
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