
PS1: Solutions

1 Future Malthus

(a) This graph will start at n2 for y = 0 then decrease linearly until it hits n1 at

y = n2−n1

θ
and will stay there for any higher level of y.

This is in line with what we see for modern era where income levels are generally

higher. The source can be either birth rates or death rates. It would be surprising

if overall death rates increased with income, so it is more likely from declining birth

rates. Here, possible mechanisms include a reduced demand for within-family agricul-

tural labor, changes in religious beliefs, an increased opportunity cost of time spent

on child rearing, changes in the empowerment of women, and many more.

Since this decreasing trend is actually seen more in the modern era (but not exactly

contemporary, so like early 20th century for the US), we can get away with looking at

relatively recent data. We see some of the highest population growth rates (here I’m

looking at natural population growth, which excludes migration) in middle income

countries around the 1970s and 1980s. Examples include Pakistan, Kenya, and Côte

d’Ivoire, and we see max rates around 3.5% (which would correspond to n2). Here

I’m using Our World In Data: https://ourworldindata.org/world-population-growth.

On the flip side of things, the bottoming out point in terms of population growth

seems to be near zero, or perhaps around 0.5%, depending on the culture, and this

would correspond to n1. How exactly we think about θ depends on the units of the

growth rate and the standard of living. Suppose we choose percentage growth rate

and $1,000 USD. If we then calculate the ratio of the change in population growth to

the change in the standard of living over time, we can get different estimate for θ. It

depends on which country you use, but if we go with Pakistan, we get around 0.35,

while if we go with Cote d’Ivoire, we get close to 1.0. So there’s a range of options.

(b) From the aggregate production function we can find the per capita income level

y =
Y

L
= zKαL−α

Using the rules of growth rates and recalling that gK = 0, this means

gy = gz − αgL
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Thus we will expect to see positive income growth when

gL <
gz
α

We are left with three cases, depending on parameters

• Case 1: gz
α
> n2 — in this case, the above inequality will always hold, so we will

have growth in y no matter what. In the long run, we will end up with y →∞
and gy = gz − αn1 > 0.

• Case 2: gz
α
< n1 — in this case, the above inequality never holds, so we will

always have negative growth in y. In the long run, we will end up with y → 0

and gy = gz − αn2 < 0.

• Case 3: n2 >
gz
α
> n1 — in this we will end up with either the Case 1 or Case

2 outcome, but it will depend on our initial value for y.

Focusing on the more interesting Case 3, the critical value for y can be found by

seeing where gy = 0, meaning

0 = gy = gz − αgL = gz − α(n2 − θy)

⇒ y∗ =
1

θ

(
n2 −

gz
α

)
Recall that the initial value for y is determined from the per capita income equation

and will depend on the initial values for both technology z and population L.

(c) In the bad equilibrium where y → 0, this will look roughly like a decreasing

exponential over time. In the good equilibrium where y → ∞, this will look like

an increasing exponential over time. Fancy that! In the short run, things won’t be

precisely exponential, but it would likely be a pretty subtle difference. The exact long

run growth rates are those given above.

It’s actually possible to solve the dynamics in closed form, and I think it ends up

involving a tanh function, but it doesn’t really add any further insight.

(d) In a setting with competitive markets, we would expect the returns on capital (the

interest rate r) and labor (the wage rate w) to be close to their respective marginal

products. So here that means
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r =
∂Y

∂K
= αzKα−1L1−α

w =
∂Y

∂L
= (1− α)zKαL−α

Now we can consider the growth rates of these two quantities in the two possible

long-run outcome cases. In either case, we have the growth rates

gr = gz + (1− α)gL

gw = gz − αgL

Looking at gw, this will exactly mimic the growth of y, which makes sense as w =

(1 − α)y. As for gr, in the stagnation case, this will surely grow exponentially over

time, which is unusual. In the continual growth case, since gz > αn1 = αgL, we will

also have continual exponential growth in r. So this seems like a very odd outcome

for interest rates.

Another approach is to think about this as a labor choice. You can either spend

your time exploring/conquering to find new land or working to produce goods. In

the exploration case, let’s say you find one unit of new land which has marginal value

r. In the production case, you earn your marginal product w. So which of these you

choose will depend on which is larger, r or w. Thus, we’ll look at the ratio of the two

r

w
=

α

1− α
L

K

Since α and K are constant, and L is growing exponentially, this ratio will growing

exponentially as well. Thus the exploration option will look more and more profitable

relative to production labor over time. For this reason, the constant land assumption

might eventually break down.

2 Endogenous Growth

(a) This production function is consistent with a setting where each person is just

continually thinking up new ideas at random. Thus the larger the population is, the

more new ideas there are. This is a good first approximation.
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Nonetheless, there may be reasons to question it. For instance, it may be the with

enough people you start getting duplicate ideas, which would induce decreasing re-

turns to scale, rather than the linear relationship we have here.

Alternatively, it could be that ideas are in fact costly to generate and require effort.

In this case we should think about what people’s incentive is to come up with new

ideas. We do so in part (d) and find that this may still be reasonable!

(b) To find the growth rate of z, we simply divide to find

gz =
ż

z
=
ηL

z

Thus in the long-run, the ratio L to z should be constant. To achieve this, we thus

require that gz = gL, which we can see from the quotient rule for growth rates.

(c) First, we’ll do a proof by contradiction to rule out the bad equilibrium, then we’ll

characterize the dynamics a bit more. Suppose that we are in the bad equilibrium,

where y → 0. Then it must be that the long-run growth rate of y is negative.

Additionally, we will converge to gL = n2. Using the result from part (b), this means

gy = gz − αgL = (1− α)gL = (1− α)n2 > 0

A contradiction, so we cannot actually be in this equilibrium. That’s good enough

for a solid answer to the question.

But let’s try to characterize the evolution of things in the short-run. We’ll define a

new normalized technology parameter q = z/L. The growth rate of this quantity will

be

q̇

q
= gz − gL =

η

q
− gL

⇒ q̇ = η − gL · q

Meanwhile, we can write a law of motion for y with

ẏ

y
= gz − αgL =

η

q
− αgL

Combining these, we then have a system of two differential equations in (y, q)
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ẏ

y
=
η

q
− αgL(y)

q̇

q
=
η

q
− gL(y)

where I’m writing gL(y) to clarify its direct dependence on y. In the long-run, we

expect q to converge to some constant with q̇ = 0. Once that occurs we recover our

previous equation

ẏ

y
= (1− α)gL(y) > 0

Meaning gz = gL = n1, gy = (1− α)n1, and q = η
n1

.

(d) Here we can consider the marginal product of additional technology

∂Y

∂z
= KαL1−α

As before, we can consider the choice of doing research and generating one new idea

with marginal product ∂Y
∂z

versus the option of doing production and earning wage

w. So we’ll look at the ratio

∂Y
∂z

w
= (1− α)

L

z

Thus this will actually converge to a constant in the long-run, meaning it is reasonable

to think people will choose one or the other depending on their personal preferences

and ability. Specifically, we found in part (c) that we have

q =
z

L
→ η

n1

and so the ratio above will converge to (1− α)n1

η
.
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