
Problem Set 1: Malthus

Please submit your solutions to Canvas by 5:00pm on Friday, January 27th. You are

encouraged to work together on these assignments, but submit only your own work.

1 Future Malthus

Consider a Malthusian model where we lie on the right side of the demographic

transition. Now, as we see in modern economies, population growth L̇
L

is inversely

related to the standard living Y
L

L̇

L
= max

{
n1, n2 − θ

Y

L

}
where n2 > 0, θ > 0, and n1 < n2 can be either positive or negative. As before,

we have a Cobb-Douglas production function that uses land K and labor L with

technology level z

Y = zKαL1−α

(a) Plot population growth function as we did in class. What are some reasonable

explanations for such a relationship? What would be reasonable values to use for n1,

and n2, and θ in a modern context?

(b) Supposing that technology grows as rate ż
z

= gz, under what conditions can we

expect long run growth in the standard of living Y
L

? Does the answer depend on the

initial value for the standard of living?

(c) Plot some example paths of L̇
L

and Y
L

. Do this both for a case where we see

continual growth and a case where we see stagnation. What does the world look like

when n1 < 0 and we have continual growth?

(d) Find expressions for the marginal products of land and labor. Assuming compet-

itive markets, these should be closely related to the interest rate r and wage w. Does

this model generate realistic predictions for these values?
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2 Endogenous Growth

Now consider an extension of the above problem in which we partially endogenize the

rate of technological growth. In particular, let the increase in z be proportional to

the population size, so that we have

ż = ηL

for some η > 0. Call this the technology production function.

(a) What are some reasons why we might expect a technology production function

of the form seen above? Can you come up with a rough estimate for η in the modern

context?

(b) For a given L and z, what is the growth rate of technology gz? In the long run,

what does this imply about the ratio of L and z?

(c) Prove that long run technological growth is inevitable in this model, meaning

immiseration is not possible. Find an expression for the long-run growth rate of

technology z and the standard of living Y
L

?

(d) Similar to the previous question, find the marginal value of an incremental im-

provement in technology z and consider its implications for the given technology

production function.
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